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[15] crystal bases [15]
2Geometric Crystals and Unipotent Crystals
$G$ (resp. $\mathfrak{g}$ ) $\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{r}\mathrm{n}\mathrm{c}.\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{a}[_{)}1\mathrm{e}$ GCM.4 $=(‘\iota_{ij})_{i,j\in}$ , t associate $\text{ }.\sim$ Kac-Moody
(resp. ) $G\supset B^{\pm}\supset U^{\pm}\supset T$ Borel subgroup, llnipotent
subgroup, maximal torus $\text{ }$ (Kac-Moody group l [10],[12],[17]
) $\Delta:=\{\alpha\in \mathrm{t}^{*}|\alpha\neq 0,9a\neq(0)\}$ $\mathrm{r}\mathrm{o}()\mathrm{t}$ systC.lll, $Q= \sum_{i}\mathbb{Z}\alpha_{i}$ root lattice
$Q_{+}= \sum_{i}\mathbb{Z}_{\geq 0}\alpha_{i},$ $\Delta_{+}:=\Delta\cap Q_{+}$ $\text{ }\backslash \mathrm{V}(^{\mathrm{Y}}.\mathrm{y}1$ $\mathfrak{s}\mathfrak{s}\nearrow=\langle s_{i}|i\in I\rangle(s_{i}$ sirnple
relfection) $W\cong Nc_{\mathrm{J}}(T)/T$ $i\in I$ homomorphism $\phi_{i}$ : $SL_{2}(\mathbb{C})arrow G$
$\phi_{i}((\begin{array}{ll}1 t0 \mathrm{l}\end{array}))=\mathrm{e}\mathrm{x}_{1})te_{i},,$ $\phi_{i}($ $(\begin{array}{ll}\mathrm{l} \mathrm{l}1t \mathrm{l}\end{array}))=\mathrm{e}\mathrm{x}_{1})tf_{i}(t\in \mathbb{C})$ .
$e_{i},$ $f_{i}$ $\mathfrak{g}$
$w\in W$
$R(\tau v):=\{(i_{1}, i_{2}, \cdots, i_{l})\in I^{l}|\iota\iota)=s_{i_{1}}.9_{i_{2}}\cdots s_{i_{l}}\}$ ,
$l$ length of $\prime 1l;$ .
$\mathrm{H}\mathrm{o}\mathrm{m}(T, \mathbb{C}^{\mathrm{x}})$ (resp. $\mathrm{H}\mathrm{o}\mathrm{n}\iota(\mathbb{C}^{\mathrm{x}},$ $T)$ ) $T$ character (resp. $co- cl\iota aracter$)
. simple cO-mot $\alpha^{\vee}.\cdot\in \mathrm{H}o\mathrm{m}(\mathbb{C}^{\mathrm{x}}, T)(i\in I)$ $\mathrm{r}\nu_{i}^{\vee}(t):=T_{i}$ pairing
$\langle\alpha^{\vee}\dot{.}, \alpha_{j}\rangle=a_{ij}$
Definition 2.1. (i) $X$ @ $\mathbb{C}-\llcorner \text{ }$ ill(l-Vi\iota $\mathrm{r}\mathrm{i}\mathrm{t}^{\backslash }.\mathrm{t}_{\sim}.\mathrm{v},$ $\wedge/:Xarrow T,$ $c_{i}$ : $\mathbb{C}^{\mathrm{x}}\cross Xarrow X(i\in I)$ ;
’ : $\mathbb{C}^{\mathrm{x}}\mathrm{x}.\backslash \cdot$ $arrow$ $.\iota^{r}$
$(c,:\iota:)$ $-\rangle$ $r_{i}^{r}’(.’\iota.\cdot)$ ,
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rational morphisms 3 $\chi\ovalbox{\tt\small REJECT}(X, \gamma, \{e_{i}\}_{i\mathrm{C}I})$ geometric p $re$-crystal
$e^{1}(x)\ovalbox{\tt\small REJECT} x$
$\gamma(e_{i}^{C}.(.r,))=\iota\nu_{i}^{\vee}(\mathrm{r}:)\gamma(.\iota:)$ , (2.1)
(ii) $(X, \gamma_{X}, \{e_{\mathrm{i}}^{\lambda’}\}_{i\in I}),$ $(\mathrm{Y}, \gamma_{1’}, \{e_{i}^{1’}\}_{i\in l})$ $\mathrm{g}\mathrm{t}!\mathrm{O}111\mathrm{C}\mathrm{f}_{l}\mathrm{r}\mathrm{i}\mathrm{c}\cdot$. pre-crystal rational mor-




$=e_{i}^{1’}\circ f$ , $\gamma_{J}\backslash ’=\gamma_{1’}\circ f$ .
} morpbism $f$ $\mathrm{i}11$( $]$ -vareities birational isomorphism $f$
isomorphism of geometric $pre- cr\cdot/\iota stal_{9}$. o
$\chi=(X, \gamma, \{e_{i}\}_{i\in l})$ gcomctric pre-crystal word $\mathrm{i}=$ ( $i_{1}$ , i2, $\cdots,$ $i_{l}$ ) $\in R(w)$
$(\tau n\in \mathrm{I}4^{\gamma})$ [ $\alpha^{(l)}:=\alpha_{i_{l}},$ $\alpha^{(l-1)}:=s_{i_{l}}(\alpha_{i_{l- 1}}),$ $\cdots,$ $\alpha^{(1)}:=.\mathrm{s}_{i_{l}}\cdots s_{i_{2}}(\alpha_{i_{1}})$ $\text{ }$
word $\mathrm{i}=$ $(i_{1}, i_{2}, \cdots, i_{l})\in R(\cdot\iota v)$ ( $\mathrm{r}‘.\iota \mathrm{t}\mathrm{i}\mathrm{t}$) $11i\iota 1111()\mathrm{r}])1_{1}\mathrm{i}\mathrm{s}111r_{\mathrm{i}}.$ : $T\mathrm{x}Xarrow X$ .
$(t, x)\mapsto*e_{\mathrm{i}}^{l}(x):=e^{a_{1}^{(1)}(l)},\dot{.}e_{i_{2}}^{\text{ ^{}(2)}(\iota)}\cdots e_{\mathrm{i}_{l}}^{\text{ ^{}(l)}(\mathrm{t})}’(.\tau.)$ .
Definition 22. (i) geometric pre-crystal )( geornetric crystal
$w\in W,$ $\mathrm{i}$ $\mathrm{i}’\in R(w)$
$‘ r_{\mathrm{i}}.=\mathrm{r}_{\mathrm{i}’}$ . (2.2)
(ii) $(X, \gamma_{\lambda’}, \{e_{i}^{\lambda’}\}_{i\in l})$ $(\mathrm{I}’, \gamma\}’, \{c_{i}^{l}.\}.\}_{i\in l})$ geometric crystal rational mor-
pbism $f$ : $Xarrow Y$ of geometric crystal.v $\iota or.pl\iota ism$ (resl). $isomorpl\iota isrn$)




. if $\langle c\nu_{i}^{\vee}, \alpha_{j}\rangle=0$ ,
$e_{1}^{c_{1}}.e_{j}^{c_{1}c_{2}}e_{i^{2}}^{c}=e_{j^{2}}^{c}e_{i}^{c_{1}c_{2}}e_{j}^{c_{1}}$ if $\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=\langle c\mathrm{v}_{j}^{\vee}, \alpha_{i}\rangle=-1$ ,
$e^{c_{1}}\dot{.}e_{j^{1}}^{c^{2}c2}e_{1}^{c_{1}c_{2}}.e_{j^{2}}^{r,}=e_{j}^{c_{2}}e_{1}^{c_{1}c_{2}}.e_{j^{1}}^{c^{2}c_{2}}.\cdot e_{\mathrm{i}}^{c_{1}}$ if $\langle \mathrm{r}\nu_{i}^{\vee}, \alpha_{j}\rangle=-2,$ $\langle\alpha_{j}^{\vee}, ‘\nu_{i}\rangle=-1$ ,
$e_{i}^{c_{1}}e_{j^{1}}^{c^{2}c2}e_{\dot{\iota}}^{c_{1}^{3}c_{2}}e_{j^{1}}^{c^{3}c_{2}^{2}}e_{i}^{c_{1}c_{2}}e_{j}^{c_{2}}=e,c^{rr},\mathrm{r}.\cdot’‘.$
.$‘.\cdot.‘*jiji.j.,.$ ‘.$ir_ \cdot 12^{r_{12}r_{1}^{3}r_{2}r_{\overline{1}}r_{-1}}}2..,$J $‘$
. il
$\cdot$
$\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=-3,$ $\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-1$ ,
$R.cm\mathrm{a}r\mathrm{A}^{r}$. $\langle\alpha^{\vee}\dot{.}, \alpha_{j}\rangle\langle\alpha_{j}^{\vee}, r\nu_{i}\rangle\geq 4$ $‘ l.i$ $‘ lj$ [ .
$U.+$ $U$
$\text{ }$ Kac-Moody groups unipotent crystals (see [1])
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Definition 24. $X$ $\mathbb{C}$ $\mathrm{i}\mathrm{n}\mathrm{d}$-variety, $\alpha\ovalbox{\tt\small REJECT} U\cross Xarrow X$ $\{e\}\cross X$
$U$-action . pair $\mathrm{X}\ovalbox{\tt\small REJECT}(X, \alpha)$ $U$-variety { U-varieties
$\mathrm{X}\ovalbox{\tt\small REJECT}(X, \alpha_{X})$ $\mathrm{Y}\ovalbox{\tt\small REJECT}$ $($ }’, $\alpha_{Y})$ rational rnorphism $f\ovalbox{\tt\small REJECT} Xarrow Y$ U-morphism
$U$-action
$B^{-}=U^{-}T$ $U$- lriet3’ $\mathrm{s}\mathrm{t}\Gamma 11(:\mathrm{t}_{l}11\Gamma(!$ $B^{-}$ $G$ ill([-subgroup
$G$ multiplication map open cllll,celelirlg; $B^{-}\cross U\epsilonarrow G$ induce
birational isomorphism inverse $1$ ) $\mathrm{i}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$ isomorphism
$g$ : $Garrow B^{-}\cross U$ .
rational morpbisms $\pi^{-}$ : $Garrow B^{-}$ $\pi$ : $Garrow U$ $\pi^{-}:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{B^{-}}\circ g$
$\pi:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{U}\circ g$ $B^{-}$ rational $U$-action $\alpha_{B}-$
$c\nu_{J\prime}-:=\pi^{-}\circ r’\iota$ : $U\cross B^{-}arrow B^{-}$ ,
$(m\mathrm{l}\mathrm{n}\mathrm{l}\iota \mathrm{l}\mathrm{t}\mathrm{i}\mathrm{l})\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ map in $G$ ), $U$-variety $\mathrm{B}^{-}=(B^{-}, \alpha_{B}-)$
Definition 2.5. (i) $\mathrm{X}=(X, \alpha)$ $U$-varicty, $f$ : $Xarrow \mathrm{B}^{-}$ $U$-morphism
pair $(\mathrm{X}, f)$ unipotent $C_{I}$-crystal
(ii) $(\mathrm{X}, f_{\lambda’})$ $(\mathrm{Y}, fi’)$ unipotent crystals $U$-morpbism $g$ : $Xarrow \mathrm{Y}$
morphism $of\uparrow lnipotent$ crystals $f.\backslash \cdot=f$} $\prime \mathrm{o}g$ [ $g$ ind-
variety birational isomorphism $i_{9}.omor.pl\iota ism$ of unipotent crystals
unipotent crystal crystal base
$[1],[15]$
unipotent crystal $\mathrm{g}(^{\backslash },()111(:\mathrm{t},\mathrm{r}\mathrm{i}c$:crystal
$i\in I$ $U_{i}^{\pm}:=U^{\pm}\cap b_{i}\overline{.}U^{\mp}.\mathrm{s}_{i}^{-1}\overline{.},$ $U_{\pm}^{i}:=U^{\pm}\cap.\overline{\backslash _{i}\cdot}U^{\pm}\overline{s}_{i}^{-1}$ $U_{1}^{\pm}.=U_{\pm\alpha}:$ .
U-=U- i. $U_{-}^{i}$ ,
canonical projection $\xi_{i}$ : $U^{-}arrow U_{-\text{ _{}\mathrm{i}}}$ $U^{-}$
$\chi_{i}:=/\iota_{i}^{-1}\circ\xi_{i}$ : U-\rightarrow U- i\rightarrow C
$\chi_{i}(\tau l\cdot t):=\chi_{i}(\tau\iota)(\iota\in U^{-}, t\in T)$ $B^{-}$
unipotent $G$-crystal $(\mathrm{X}, f_{\lambda}\cdot)$ $\varphi_{i}:=\varphi i^{\backslash }$
.
: $Xarrow \mathbb{C}$
$\varphi_{i}:=\backslash i\mathrm{o}f_{\backslash }.\cdot$ ,
ratinal morpbism $\gamma_{d}\backslash \cdot$ : $Xarrow T$
$\gamma_{\lambda}\cdot:=1)\mathrm{r}$( $\}.\mathrm{i}_{l^{\backslash }},\circ f_{\backslash }.\cdot$ : $Xarrow B^{-}arrow T$, (2.3)
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( $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{T}$ canonical projection). $\varphi_{i}$ | $X$ 0
morphisrn $e_{i}$ : $\mathbb{C}^{\mathrm{x}}\cross Xarrow X$
$\mathrm{r}_{i}^{c}.(.?.\cdot):=.’\iota:_{i}(\frac{\mathrm{r}\cdot-1}{\varphi_{i}(.\iota\cdot)}.)(:l:)$ . (2.4)
:
Theorem 26([1]). $(\mathrm{X}, f_{\lambda’})$ unipotent $G- c\mathfrak{s}\cdot/\iota$stal $i\in I$ [
$\varphi_{i}$
$X$ $[]_{\sim}^{\sim}\mathit{0}$ rational morphisms $\gamma_{\lambda’}$ : $Xarrow T$
$e_{i}$ : $\mathbb{C}^{\mathrm{x}}\cross Xarrow\lambda’$ [ $(X, \gamma_{\lambda’}, \{e_{i}\}_{i\in l})$ geometric G-c4stal
3Crystal structure on Schubert varieties
$G$ $\mathrm{I}<\mathrm{a}\mathrm{c}- 1’\backslash 1\mathrm{o}\mathrm{o}(1\mathrm{y}\mathrm{g}\mathrm{r}()111),$ $B^{\pm}=U^{\pm}T$ (resp. $U^{\pm}$ ) Borel (resp.
unipotent) subgroups, 1V $1.\mathrm{V}(!\mathrm{y}1$ group $\mathrm{B}\mathrm{r}\iota\iota 1_{1}\mathrm{a}\mathrm{t}/\mathrm{B}\mathrm{i}\mathrm{r}\mathrm{k}1_{1()}\mathrm{f}\mathrm{f}$decomposition
:
Proposition 3.1 $([9],[12],[17])$ . $1\prime Ve$ have
$G=\cup B^{+}\overline{u}\prime B^{+}w\in \mathfrak{l}V=\cup,$$U^{+}?\overline{lJ}B^{+}u’\in \mathrm{I}l$
(Brubat dccomposition), (3.1)
$G=\cup B^{-}\tau\overline{n}B^{+}w\in W=w\in 11\cup,$
$U^{-}\tau\overline{\iota}\prime B^{+}$ (Birkboff decomposition). (3.2)
$J\subset I$ $\mathrm{I}/V_{J}$ := $\langle$s $\in J\rangle$ I $\mathrm{I}’$ subgroup $\text{ }$ $P,$ $:=B^{+}\mathrm{I}\mathrm{t}_{J}^{\gamma}B^{+}$
$J\subset I$ } $C_{r}$ $(.\mathrm{v}t‘ r\iota‘ l‘\iota r\cdot‘ l)I)‘\iota r\tau\iota l)oli\iota j$ subgroup $\mathrm{I}\cdot \mathrm{I}^{rJ}$ $\mathrm{I}\prime V/\mathrm{M}^{\gamma_{J}}$
nimal coset reprcsentativc parabolic $\mathrm{B}\mathrm{r}\iota\iota 1_{1}\mathrm{a}\mathrm{t}/\mathrm{B}\mathrm{i}\mathrm{r}\mathrm{k}\mathrm{h}\mathrm{o}\mathrm{f}\mathrm{f}$
decompositions :
Proposition 32 $([9],[12],[17])$ . $.I\subset I$ $\acute{J}$ ’.’
$C_{I}=. \cup U1_{l\prime}^{-}\cdot P_{\mathrm{J}}\iota v\in 11^{r/}=.\bigcup_{\mathrm{t}^{r/}}U_{ll\prime}^{-*}-P\tau\iota’\in \mathfrak{l}’$
.
$\mathrm{A}\in P_{+}$ ( $P_{+}$ : dominant integral weigbt ) $\}$ $L(\Lambda)$ highest
weight $\lambda$ integral $\mathrm{h}\mathrm{i}\mathrm{g}\mathrm{l}\iota \mathrm{c}\mathrm{s}\mathrm{t}$ weigbt simple 111 $()$ (1111(\. projective space
$\mathrm{P}(\Lambda):=(L(\Lambda)\backslash \{0\})/\mathbb{C}^{\mathrm{x}}$ $\text{ }\tau\prime_{\Lambda}\in \mathrm{P}(\dot{4}\backslash )$ $L(\lambda)$ bighcst weigbt vector





$g\cdot P,d\backslash$ $\mapsto\rangle$ $g\cdot\tau)_{\wedge}$
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Definition 34. $\rho(U^{+}\epsilon\ovalbox{\tt\small REJECT} P_{J}\ovalbox{\tt\small REJECT} P_{J}rightarrow(\mathrm{r}\mathrm{e}8\mathrm{j})$. $p(U^{-}\ovalbox{\tt\small REJECT} P_{J}\ovalbox{\tt\small REJECT} P_{J}rightarrow)$ $X(\ovalbox{\tt\small REJECT})_{v}$.(resp. $X(\ovalbox{\tt\small REJECT})^{w}$)
finite (resp. $\mathrm{c}o$-finite)Schubert cell Zariski closure $X(\ovalbox{\tt\small REJECT})_{w}$
(resp. $\ovalbox{\tt\small REJECT}(\ovalbox{\tt\small REJECT})^{w}$ ) finite (resp. $co$ -finite) $S\ovalbox{\tt\small REJECT} hubertva\ovalbox{\tt\small REJECT} iety$
closure relations :
$\overline{\grave{d}\prime}(\Lambda)_{w}=\mathrm{u}X(\Lambda)_{y}y\leq w,y\in \mathfrak{l}V^{J}\Lambda$ ’ $\overline{-\mathrm{t}’}(\Lambda)^{w}=\mathrm{u}X(\Lambda)^{y}y\geq w,y\in \mathrm{M}^{\prime J}\Lambda^{\cdot}$
(3.3)
$X(\Lambda)_{w}$ unipotent crystal $X(\Lambda)_{w}$ Schubert cell
$X(\Lambda)_{w}$ $U$-variety $\text{ }$
$U$-morpbism $X(\Lambda)_{w}arrow B^{-}$ : $?l\mathit{1}=\theta_{i_{1}}S_{i_{2}}\cdots S_{i_{k}}$. $\in \mathrm{I}\cdot V$ reduced
expression $U_{w}=U\cap\tau\overline{v}U^{-_{\mathrm{t}\overline{\{}\prime}-1},$ $U^{u}’=U\cap?\overline{l}\prime U\tau\overline{v}^{-1}$
$\beta_{1}=‘ \mathrm{v}_{i_{1}},$ $/\mathrm{i}_{2}=.\forall_{i_{1}}(c\iota_{i_{-)}}.,,$ $\cdots,$ $/t_{\kappa=\mathrm{v}_{i_{1}\cdot i_{2}\cdot i_{k-1}}}..\mathrm{s}_{l}\ldots 9(\alpha_{i_{k}}.)$,
$U_{w}:=U\beta_{1}$ . $U_{\beta_{2}}\cdots U_{fl_{k}}\cong U\beta_{1}\cross U\beta_{2}\cross\cdots\cross U\beta_{k}\cong \mathbb{C}^{k}$
([17]). $U=U_{w}\cdot U^{\tau v}$ :





$\uparrow l\uparrow\overline{l}$’ $\vdasharrow$ $?l’$
$l^{w}’$ : $U\cdot\tau\overline{\iota}$’ $arrow$ $U$
$\tau\iota\tau\overline{\iota}$’ $\mapsto\rangle$ $\iota$ ’
[ $U_{w}\cdot\overline{w}$ $U$-action
$U\cross U_{w}\cdot\iota\overline{\iota}$’ $arrow$ $U_{w}\cdot\tau\overline{\iota}$’
$(x, \tau\iota\overline{w})$ $\vdash$’ $.’\iota i(\iota\iota\iota\overline{\iota\prime}):=l’ u’(?,\cdot?l?\overline{l}’)=x\iota\iota\tau\overline{\iota\prime}\cdot p^{w}(x\tau\iota?\overline{l\prime})^{-1}$




$\zeta$ : $X(\Lambda)_{\tau\iota^{arrow U_{11\prime}\cdot l\overline{l})}}^{\sim}$’ $(\uparrow\{’\in \mathrm{I}\mathrm{I}^{\prime.J_{\backslash }}’\Lambda\in P_{+})$ .
$U$-rnorphism. $\mathrm{r}\dot{\mathrm{e}}\mathrm{l}\mathrm{t}.\mathrm{i}\mathrm{t}$) $1\downarrow \mathrm{a}\mathrm{l}$ morpbism $f_{u}$, : $X(\Lambda)_{w}arrow B^{-}$ $f_{w}=$
$\pi^{-}\circ\zeta$
Theorem 37. $\Lambda\in P_{+},$ $w\in \mathrm{I}V^{J_{\Lambda}}$ $f_{w}$ : $X(\Lambda)_{w}arrow B^{-}$
pair $(X(\Lambda)_{w}, f_{w})$ $\uparrow lnipoter\iota t$ G-crystal.
$X(\Lambda)_{w}\mathrm{L}arrow\overline{\grave{d}\prime}(\Lambda)_{w}$ open embedding birational isomorphism ($v$ :
$\overline{\lambda’}(\Lambda)_{w}arrow X(\Lambda)_{w}$ inverse birational isomorpbism $\overline{f}_{u},$ $:=f_{w}\circ\omega$ :$\grave{d}( \overline{\prime}\Lambda)_{w}arrow$
$B^{-}$ $U$-morphism
Corollary 3.8. pair $(_{\grave{d}}\overline{\prime}(\Lambda)_{w},\overline{f}_{u},)\}\mathrm{h}\uparrow\iota iI’otentG-‘ ir/l.9tal$ .
Remark. $w\leq w’$ closed embcdding $\overline{\grave{\lrcorner}\prime}(\Lambda)_{w}\mathrm{e}_{-}arrow\overline{\grave{d}\prime}(\Lambda)_{w’}([17])$ [
isomoprbism
$X(\Lambda)arrow 1_{\frac{\mathrm{i}}{}}\mathrm{I}\mathrm{I},1\grave{d}\sim w\in’ \mathrm{y}\Lambda\overline{\prime}(\Lambda)_{ul}$
.
rect limit $X(\Lambda)$ unipotent crystal
structure $y<?l$’[ rational morpbism
$\overline{f}_{w}$ : $\overline{X}(\Lambda)_{w}arrow B^{-}$ (’\searrow
Schubert cell (resp. variety) $X(\Lambda)_{w}$ (resp. $\overline{\grave{d}\prime}(\Lambda)_{w}$ ) unipotent crystal
geomctric crystal .
$w\in W$ $\tau v=s_{\mathrm{i}_{1}}s_{i_{2}}\cdots.9_{i_{k}}$ reduced expression
$I(w):=\{i_{1}, i_{2}, \cdots, i_{k}\}$
( reduccd $\mathrm{c}\mathrm{x}[$) $\Gamma 1^{\backslash }.‘ \mathrm{S}^{\cdot}.\backslash \cdot \mathrm{i}\mathrm{t})11$ ) $\text{ }$ . :
$i\in I(\tau v)$ $\varphi_{i}:.\backslash ’(\Lambda)_{\iota\iota},$ $arrow \mathbb{C}$ 0
Theorem 26
Theorem 39. $\tau n\in 1V$ $I=I(\cdot \mathrm{t}\mathrm{t}’)$ . $S(:l\iota\iota\iota be,r\cdot t$ cell $X(\Lambda)_{w}$ (resp.
variety $\overline{X}(\Lambda)_{w})$ ? } $georetr\cdot itiG- cr\iota/stal$ structure (see
(2.3) and(2.4) $)$
$\gamma_{w}:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{T}\circ f_{w}(_{\Gamma \mathrm{C}\mathrm{S}\iota}1^{)}\cdot\overline{\gamma}_{w}:=1)\mathrm{r}\mathrm{o}\mathrm{j}_{l},.0\overline{f}_{w})$, $e_{i}^{r}.(x)=x_{i}( \frac{c-1}{\varphi_{i}(x)})(x)$ ,
$\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{T}$ : $B^{-}=U^{-}Tarrow T$ .
induced geometric crystal $(X(.\backslash )_{11},, \gamma_{11},, \{\mathrm{r}_{\dot{1}}.\}_{i\in l})(\mathrm{r}\mathrm{e}!\mathrm{s}\mathrm{l})$ . $(\overline{.1’}(\Lambda)_{w}, \overline{\gamma}_{u},, \{e_{i},\}_{i\in l}))$
$(X(\Lambda)_{w}, \gamma_{1\mathit{1}^{1}}’, \{\mathrm{r}_{i}\}_{i\in l})$ $B^{-}$ :
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Proposition 3.10. $\iota v=s_{i_{1}}\cdots s_{i_{k}}$. } ,
$B_{w}^{-}:= \{]_{w}^{\prime’}(c_{1}, \cdots, c_{k}):=y_{i_{1}}(‘\frac{1}{i_{\mathrm{l}}})(\iota_{i_{1}}^{\vee}’(c_{i_{1}}.)\cdots y_{i_{\mathrm{A}}}.(\frac{1}{c,k}.)\alpha_{i_{k}}^{\vee}.(c_{i_{k}}.)\in B^{-}|\mathrm{r}:_{i}\in \mathbb{C}^{\cross}\}$.
$U$ -actions
$?l(1_{w}’(c_{1}, \cdots, c_{k}..)):=\pi^{-}(ll. 1_{w}’(‘\cdot.\mathrm{l}, \cdots, c_{k}..))$ $(?l\in U)$ .
$X(\Lambda)_{w}$ Bw-{ $f$ } $l_{l}ir\cdot\iota\iota tionally$ equivalent [ unipO-
tent $crystal/induced$ geometric crystal
Example 3.11. $G=SL_{n+1}(\mathbb{C})$ $I=\{1,2, \cdots, n\}$
$\tau\tilde{v}=s_{1}s_{2}\cdots s_{n}\in\dagger V\}$ $I=I(\uparrow\tilde{\iota}’)$
$\pi^{-}(x_{1}(c_{1})\overline{s}_{1}x_{2}(c_{2})\overline{s}_{2}.\ldots x_{n}(c_{n},)\overline{s}_{r\iota})=y_{1}(\frac{1}{\mathrm{t}_{\mathrm{l}}}.)\alpha_{1}^{\vee}(c_{1})?/2(‘.\frac{1}{2}.)\alpha_{2}^{\vee}(c_{2},)\cdots\iota/\cdot l(\frac{1}{c_{n}}.)\alpha_{n}^{\vee}(c_{n}.)$ .




$a=(a_{1}, \cdots, a_{n+1}),$ $a_{1}(\iota_{2}\cdots a_{r\downarrow+1}=1$ $\varphi_{i}(\iota\iota(a))=\frac{1}{a_{i}}$
$e_{i}^{c}(u(a))=x_{i}(a:(c-1))\cdot?\iota(c\iota)\cdot x_{i}(a_{i+1}(‘\cdot-1-1))=\iota\iota(a_{1}, \cdots, ca_{i}, c^{-1}a_{i+1}, \cdots, a_{n+1})$ .
:
$\gamma_{\overline{w}}(x_{1}(c_{1}).\overline{9^{\cdot}}1\cdot l’,\cdot 2(t_{2}..).\overline{\mathrm{s}.}2\ldots.\cdot\iota:,(\iota r_{\iota},\cdot).\overline{\backslash \cdot})’\iota=r\iota_{1}^{\vee}(\mathrm{r}_{1}.)‘\nu_{2}^{\vee}(‘\cdot.2)\cdots\alpha_{\iota}^{\vee}.(c_{n}.)$ .
4Tropicalization of Crystals
geometric crystals positive structurc $\iota\iota 1\mathrm{t}\mathrm{r}\mathrm{a}- \mathrm{c}1\mathrm{i}\mathrm{s}\mathrm{e}:\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{i}^{t}\ell \mathrm{a}\mathrm{t}\mathrm{i}o\mathrm{I}1/\mathrm{t}$.ropicalizations I
([1]).
$T$ algebraic $\mathrm{t}\mathrm{O}\Gamma 11\mathrm{S}/\mathbb{C},$ $X^{*}(T)(\mathrm{r}\mathrm{e}^{1}.\mathrm{s}[).$ $X_{*}(T))$ lilt.t.tit.e. of cbaracters (resp. cO-
characters) $R:=\mathbb{C}[[c.]][c^{-1}],$ $L(T):=\{\phi\in \mathrm{H}\mathrm{o}\mathrm{I}\mathrm{I}\mathrm{I}(O_{l’}., R)\}(O_{l^{1}},$ :ring of $\mathrm{r}\mathrm{e}\mathrm{g}_{11}1\mathrm{a}\mathrm{r}$
functions on $T$ ) $(1\mathrm{i}_{\iota}\mathrm{s}.(:1^{\cdot}\mathrm{C}|_{1}\mathrm{t}^{1}. \backslash ’‘.\iota 111i\mathfrak{l}|_{1}\mathrm{i}\mathrm{t})11$
$\tau’$ : $R\backslash \{\mathrm{f}\mathfrak{l}\}$ $arrow$
$\sum_{\iota>-\infty^{C1,C}},\iota..\cdot\iota$ $\mapsto$
$\mathbb{Z}$
$-111\mathrm{i}11\{r|\in \mathbb{Z}|a_{\iota}.\neq 0\}$ .
192
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$\phi\in L(T)$ ($1\mathrm{c}\mathrm{g}_{T}(\phi):=v\circ\phi|_{X(T)}$. $f_{1},$ $f_{2}\in R\backslash \{0\}$
$v(f_{1}f_{2})=v(f_{1})+v(f_{2})$ , $c1\mathrm{c}\mathrm{g}_{I’}’(\phi)$ $X_{*}(T)=\mathrm{H}\mathrm{o}\mathrm{m}(X^{*}(T), \mathbb{Z})$
( $1\mathrm{c}\mathrm{g}_{I’}’$ $c1\mathrm{c}\mathrm{g}_{l’}’$ : $L(T)arrow.\iota_{*}^{\mathit{7}}(T)$ ( $\lambda^{\vee}\in X_{*}(T)$
$L_{\lambda}\vee(T):=\deg_{T}^{-1}(\lambda^{\vee})\subset L(T)$ ($1\mathrm{e}\mathrm{g}_{T}^{-1}(\lambda^{\vee})$ irreducible $\mathrm{p}\mathrm{r}\mathrm{o}- \mathbb{C}$
variety structure $L(T)=\mathrm{u}\lambda^{\vee}\in,\backslash \cdot.(’\Gamma)L_{\lambda}\mathrm{v}(T)$ irreducible component
$\pi_{0}(L(T))=\{L_{\lambda^{\vee}}(T)|\lambda^{\vee}\in X_{*}(T)\}$ $X_{*}(T)$ $\text{ }$
$T=(\mathbb{C}^{\mathrm{x}})^{\iota}$ $L(T)$ $(R^{\mathrm{x}})^{1}$
$\lambda^{\vee}(c)=(c^{m_{1}}, c^{m_{2}}, \cdots, c^{m_{l}})$ ( $(rr\iota_{j}\in \mathbb{Z})$ ,
$L_{\lambda^{\vee}}(T)= \{(b_{1}c^{-m_{1}}+\sum_{n>-m_{1}}\iota\iota_{r\iota}r:^{r\iota},$ $\cdots,$
$l) \iota‘:-\prime\prime\downarrow\downarrow+\sum_{r\iota>-m_{l}}a_{n}c^{n)},$ : $b_{1},$ $\cdots,$ $b_{l}\neq 0\}$ .
$f$ : $Tarrow T’$ 2 algebraic tori $\mathrm{r}\mathrm{a}\mathrm{t}_{1}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1$ morpbism $f$ [
rational morpbism $\tilde{f}$ : $L(T)arrow L(T’)$ $111‘.\iota 1$ ) $\pi_{0}(\tilde{f})$ : $\pi_{0}(L(T))arrow\pi_{0}(L(T’))$ ,
induce
rational function $f(c.)\in \mathbb{C}(c)(f\neq 0)$ $I$) $ositi\uparrow\prime e$, $f$ 2
$f_{1},$ $f_{2}\in \mathbb{C}(c)(\subset R)$ positive
$\tau\rangle(f_{1}f_{2})=\tau’(f_{1})+\tau’(f_{2})$ , (4.1)
$?)( \frac{f_{1}}{f_{2}})=\tau’(f_{1})-r’(f_{2})$ , (4.2)
$v(f_{1}+f_{2})=\iota \mathrm{n}\mathrm{a}\mathrm{x}(\uparrow)(f_{1}),$ $v(f_{2}))$ . (4.3)
:
Definition 4.1 ([1]). 2 $\mathrm{a}1\mathrm{g}\mathrm{t}^{\iota}.1,\mathrm{r}i1\mathrm{i}\mathrm{t}:|,()1^{\cdot}\mathrm{i}$ $\mathrm{r}‘.\iota \mathrm{t},\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}$ lllO\Gamma l)[[i.b.lll $f$ : $Tarrow T’$ \mbox{\boldmath $\tau$}
positive
(i) $\mathrm{c}\mathrm{o}$-cbaractcr $\lambda^{\vee}$ : $\mathbb{C}^{\mathrm{x}}arrow T$ \lambda $\mathrm{i}111\mathrm{a}\mathrm{g}\mathrm{t}^{1}$, ( $1\mathrm{o}\ln(f)$ O
(ii) ($j\mathrm{o}$-character $\lambda^{\vee}$ : $\mathbb{C}^{\mathrm{x}}arrow T$ ( ( $\circ$ ll.act,er $/\iota$ : $T’arrow \mathbb{C}^{\mathrm{x}}$ $v$ )
$/\mathit{4}\circ f\circ$ \lambda positivc rational function $\text{ }$
$\mathcal{T}_{+}$ object algebraic torus, arrow $1$ ) $o\mathrm{s}.\mathrm{i}\mathrm{t},\mathrm{i}\backslash \prime \mathrm{t}!$ rational morpbism category
filnctor :
$\mathcal{U}D$ : $\mathcal{T}_{+}$ $arrow$ $6\mathrm{e}\mathrm{t}$
$T$ $\vdasharrow$ $X_{*}(T)$
$(f : Tarrow T’)$ $\mapsto\rangle$ $((1\mathrm{t}:\mathrm{g}(f) : X.(T)arrow X_{*}(T’)))$
Definition 42([1]). ,$\chi=(X, \gamma, \{‘’\}_{i\in l}i)$ $\mathrm{g}(^{\backslash }.()1[](^{1}\mathrm{t}.\mathrm{r}\mathrm{i}(:1)1^{\cdot}‘!$-cryst. $\dot{‘}\iota 1$ $T$ alge-
braic torus $\theta$ : $Tarrow X$ $1$ ) $\mathrm{i}\mathrm{r}\mathrm{a}|_{l}\mathrm{i}\mathrm{t}$ ) $11\mathrm{a}1\mathrm{i}\iota \mathrm{b}.\mathrm{t}$) $111()\mathrm{r}])1_{1}\mathrm{i}.\backslash \cdot 111$ $\text{ }$ $\theta$ $\chi$ positive structure
:
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(i) the rational morphism $\gamma\circ\theta\ovalbox{\tt\small REJECT} T’arrow T$ positive.





functor $\mathcal{U}D$ positive $\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}_{011}\mathrm{a}1\mathrm{n}1()\mathrm{r}1^{1_{1}\mathrm{i}\backslash \mathrm{I}11e_{i,\theta}}).\cdot$. : $\mathbb{C}^{\mathrm{x}}\cross T’arrow T’$ $\gamma\circ\theta$ : $T’arrow T$
$\tilde{e}_{i}$ $:=\mathcal{U}D(e_{i,\theta},)$ : $\mathbb{Z}\cross X_{*}(T)arrow\grave{-}’*(T)$
$\tilde{\gamma}$ $:=\mathcal{U}D(\gamma 0\theta)$ : $X_{*}(T’)arrow X_{*}(T)$ .
geometric pre-crystal $\chi=(X, \gamma, \{e_{i}.\}_{i\in l})$ ( positive structure $\theta$ : $T’arrow$
$X$ ( triplet ( $\grave{\lrcorner}*(T’),\tilde{\gamma}$ , { i} $i\in l$ ) $1$ ) $\mathrm{r}\mathrm{c}$-crystal structurc (scc[1, 2.2])
:
Theorem 43. geometric crystal $\chi=(X, \gamma, \{e_{i}\}_{i\in l})$ positive structure $\theta$ : $T’arrow X$
[ pre-crystal $\mathcal{U}D_{\theta’\Gamma’},(\chi)=(X_{*}(T’),\tilde{\gamma}, \{\tilde{c^{\mathrm{J}}}_{i}\}_{i\in l})$ free $\mathrm{I}\mathrm{t}^{\gamma}- c_{J}n/stal$ (see [1, $\mathit{2}.\mathit{2}J$)
functor $\mathcal{U}D$ “$\iota\iota ltr.\mathrm{r}l-\iota li_{9Cj}.r\cdot itizati\circ\uparrow\iota$” [1] [ “tropicaliza-
tion” “ $\mathrm{t}_{\Gamma \mathrm{t})}1$) $\mathrm{i}\mathrm{c}\mathrm{a}1\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{t}\mathrm{i}_{011}$ ” [1] inverse
tropicalization object $B$ in $6e\mathrm{t}$ crystal
$\mathcal{U}D(T)\cong B$ object $T\mathrm{i}_{11}\mathcal{T}_{+}$ $T$ $B$ tropicalization
geomctric crystal $B_{u}^{-}$, positive $.\mathrm{s}.\mathfrak{l}.\mathrm{r}\iota \mathrm{l}\mathrm{C}^{\cdot}1\iota \mathrm{t}11\Gamma \mathrm{C}$ . $(I=I(\mathrm{s}\iota’),$ $\mathrm{a}\mathrm{l}\iota \mathrm{c}\mathrm{l}w\in$
$W^{J_{\mathrm{A}}})$ Kasbiwara’s crystal (Langlands dual) tropicalization
crystal $B_{i}$ : $i\in I$ | , $B_{i}$ (see $e.g.[6]$ )
$B_{i}:=\{(:\iota.\cdot)_{i}|:r, \in \mathbb{Z}\}$ ,
$\tilde{e}:(x):=(x+1)\dot{.},\tilde{f}.\cdot(\mathrm{J}:):=(x-1)_{i},\tilde{e}_{j}(x)_{i}=\tilde{f}_{j}(x)_{i}=0(i\neq j)$
$\tau\iota\prime t(x)_{i}=x\alpha_{i},$ $\epsilon_{i}(x)_{i}=-.\cdot\iota,\cdot,$ $\varphi_{i}(\mathrm{J}:)_{i}=:l\cdot,$ $\epsilon_{j}(:|:)_{i}=\varphi_{j}(gj)_{i}=-\infty(i\neq j)$ .
$w=s_{i_{1}}s_{i_{2}}\cdots s_{i_{k}}\in \mathrm{I}\mathrm{f}’$. $\mathrm{i}=(i_{1}, i_{2}., \cdots, i_{k}.)\in R(\tau n)$ [ morphism $\theta_{\mathrm{i}}$ :
$(\mathbb{C}^{\mathrm{x}})^{k}arrow B_{w}^{-}$
$\theta_{\mathrm{i}}(c_{1}, c_{2}., \cdots, ‘.k.):=!/i_{1}(‘.\frac{1}{1}.)‘\nu_{\mathrm{i}_{1}}^{\vee}(‘.1)\cdots!/i_{\mathrm{A}}.(\frac{1}{c_{k}}..)\alpha_{i_{k}}^{\vee}.(‘..k.)$ (4.4)
reductive case Jl, Tbeorem 2.11]
Kac-Moody case
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Proposition 44. (i) $\mathrm{i}\in R(\uparrow v)(\uparrow l)\in \mathrm{I}\mathrm{I}^{\gamma})$ rnorphism $\theta_{\mathrm{i}}$ geometric crystal
$B_{w}^{-}$
$\text{ }$ positive structure.
(ii) Geometric crystal $B_{w}^{-}$ $po_{\mathrm{c}}9iti\mathrm{t}$) $e.\mathrm{s}tr\cdot\iota\iota ct\iota\iota re\theta_{\mathrm{i}}(c_{1}., c_{\mathit{2}}., \cdots, c_{k})$ ( crystal $B_{i_{1}}\otimes$
$B_{i_{2}}\otimes\cdots\otimes B_{i_{k}}$ Langlan$‘ ls$ ‘lnal $tr\cdot opi\prime jalizatior\iota$ .
Pro$()$ f. $\theta_{\mathrm{i}}$ birational $\mathrm{r}\dot{‘}\iota \mathrm{t},\mathrm{i}_{11\dot{\mathrm{e}}\mathrm{t}}1111()\mathrm{r}1)1_{1}\mathrm{i}_{\mathrm{b}1\mathrm{I}1}\iota.\gamma$ : $B_{u}^{-},$ $arrow T$
$\gamma(y_{i_{1}}(\frac{1}{c,1})\alpha_{i_{1}}^{\vee}(c_{1})\cdots y_{i_{k}}.(\frac{1}{c_{-\cdot k}}.)c\mathrm{u}_{i_{k}}^{\vee}.(c_{k}.))=\alpha_{i_{1}}^{\vee}(c_{1},)\cdots\alpha_{i_{k}}^{\vee}(c_{k}.)$ ,
$\gamma 0\theta_{\mathrm{i}}$ positive $e_{i,\theta_{\mathrm{i}}}$ : $\mathbb{C}^{\mathrm{x}}\cross T’arrow T$’ positive $e_{i}^{c}$
$\mathrm{Y}_{w}(c_{1}, \cdots, c_{k})$
$e_{i}^{c}( \mathrm{Y}_{w}(c_{1}, \cdots, c_{k}))=x_{i}(\frac{c-1}{\varphi i(1_{1I}’,((.1,\mathrm{r}.k))}.,$$\cdots..)(1_{\acute{w}}(‘:_{1}, \cdots, c_{k}..)))=:1_{\iota\iota}’,(\prime \mathrm{C}_{1}, \cdots,\mathrm{C}_{k})$ ,
$\mathrm{C}_{j}:=c_{j}\cdot.$
“
$‘. \cdot\frac{\sum_{1\leq m\leq j,=1}.\frac{}{\mathrm{C}_{1}\cdots i_{m-1}C_{m}a_{i_{1}.i}a_{i_{m-1}}.i}+\sum_{j<n\iota\leq k,i_{m}=\mathrm{i}}\frac{1}{c_{1}^{a_{i_{1}}}\cdots c_{\pi\iota-1}^{a_{i_{m-1}}.i}c_{m}}}{\sum_{1\leq m<j,i_{m}=i}\frac{(j}{\mathrm{C}_{1}\cdots i_{m-1}C,l}+\sum_{j\leq rn\leq k,i_{m}=i}\frac{1}{c_{1}^{a_{i_{1}.i}}\cdots c_{m-1}^{a_{i_{m-1}}.i}c_{m}}},\cdot,..’.\cdot$. (4.5)
$e_{i,\theta_{1}}$ positive. (i) t
(ii) $c.\cdot$ $B_{i_{1}}\otimes\cdots\otimes B_{i_{k}}$. : $b_{\mathrm{i}}=(b_{1})_{i_{1}}\otimes\cdots\otimes(b_{k})_{i_{k}}(\mathrm{i}=$
$(i_{1}, \cdots, i_{k}),$ $b_{j}\in \mathbb{Z})$ [
ri.(l’i) $=(/f_{1})_{i_{1}}\otimes\cdots\otimes(/f_{k}.)_{i_{k}}.$ ,
$\text{ ^{}\backslash }\backslash$
$\beta_{j}=b_{j}+\max$ ( $1 \leq\cdot n\leq j\mathrm{n}1\mathrm{a}\mathrm{x}i_{n\iota}=i’(c-l_{J_{n}},-\sum_{l<\cdot\iota\iota}l_{\mathrm{J}}\iota a_{i,i_{l}})$ , $j<,\cdot,\iota\leq k111\mathrm{a}\mathrm{x}i_{n}=\mathrm{i}.,$ $(-l_{\mathrm{J}_{1n}}- \sum_{\prime l<\cdot\iota}l_{\mathrm{J}_{l}}a_{i,i_{l}})$)$\backslash$
$- \max$ ( $1 \leq\dot{.}m<j\mathrm{m}\mathrm{a}\mathrm{x}m=i’(c-b_{m}-\sum_{l<m}b_{l}a_{i,i_{l}})$ , $j \leq,n,‘\iota\leq k1111\lambda’i_{1}=i..(-b_{m}-\sum_{l<m}b_{l}a_{i,i_{l}})$ ) (4.6)
. (4.5) (4.6) $\mathrm{t}\mathrm{r}\mathrm{o}1$) $\mathrm{i}\mathrm{c}.\mathrm{a}1\mathrm{i}^{r}\ell i1\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}1/\iota\iota 1\mathrm{t}\mathrm{r}\mathrm{a}$ -discritzation operations $4\backslash$
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$x\cdot y$ $.\cdot l.\cdot+y$
$\frac{x}{/1}$ $\iota:-y$
$x+y$ lllax(x, $y$ )
$a_{i,j}$ $a_{j,i}$
Langlaods dual
(ii) $\mathrm{O}\mathrm{K}$ . $\square$
(4.5), (4.6) $[2, 52]$
Proposition 4.4 Lemma 23 crystal
$[6],[13]$
Corollary 45. crystal $B_{i_{1}}\otimes\cdots$ \otimes Bi , $‘.2\in \mathbb{Z}_{\geq 0}$ } :
$ic_{1}$ $\tilde{e}_{j}^{c_{\mathit{2}}}=\tilde{e}_{j}^{c_{2}}\tilde{e}_{i}^{c_{1}}$ if $\langle\alpha_{\mathrm{i}}^{\vee}, \alpha_{j}.\rangle=0$ ,
$\tilde{e}_{i}^{c_{1}}\tilde{e}_{j}^{c_{1}+c_{2}}\tilde{e}_{i}^{c_{2}}=\tilde{e}_{j}^{c_{2}}\tilde{e}_{i}^{c_{1}+c_{2}}\tilde{e}_{j}^{c_{1}}$ if $\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-1$ ,
$\tilde{e}_{i}^{c_{1}}\tilde{e}_{j}^{2c_{1}+c_{2}}\tilde{e}_{\dot{l}}^{\mathrm{c}_{1}+c_{2}}\tilde{e}_{j}^{c_{2}}=\tilde{e}_{j^{2}}^{c}\tilde{e}_{i}^{c_{1}+c_{2}}\tilde{e}_{j}^{2c_{1}+c_{2}}.\tilde{e}_{i}^{c_{1}}$ if $\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=-1,$ $\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-2$ ,
$\tilde{e}^{c_{1}}\tilde{e}^{2c\iota+c_{2}}\tilde{e}^{3c_{1}+c_{2}}\tilde{e_{l}}^{3c_{1}+2c_{2}}\tilde{e,}^{c_{1}+c_{2_{\tilde{(^{\mathrm{J}}}}}r_{2}}ijiji..j$
=e\tilde \acute Jr|Ze\tilde .71112 j30112$‘:.z\tilde{c_{i}^{c_{1}+.\cdot 2\cdot+r\underline{\cdot|}r_{1}}.}.\cdot,.\cdot‘.-,\tilde{l_{ji}^{\mathrm{J}}.}.‘ 1,\mathrm{J}.\cdot$ if $\langle\alpha_{i}\alpha_{j}\rangle\vee,=-1,$ $\langle \mathrm{r}\nu_{j}\alpha_{i}\rangle\vee,=-3$.
Remark. Example 3.11 positive strticture
$c_{i}=a_{1}a_{2}\cdots a_{i}$
$\tilde{\theta}$ : $(\mathbb{C}^{\mathrm{x}})^{n}$ $arrow$ $B_{l\overline{1}\prime}^{-}$
$(a_{1}, \cdots, a_{1},)$ $-\rangle$ $y_{1}$ ( )( $\mathrm{t}_{1}^{\vee}$ $(c:_{1})\cdots$ y’\iota ( )\mbox{\boldmath $\alpha$},\vee \iota $(c:_{n})$ ,
positive structure. $e_{i}$ {
$e_{i}^{c}(\mathrm{Y}_{\overline{w}}(c_{1}, \cdots, c_{1}..))=1_{\overline{w}}’(c:_{1},$ $\cdots,$ $(:i-1,c:c\cdot i, ci+1, \cdots, c_{n})$ ,
$e_{i,\overline{\theta}}(c, (a_{1}, \cdots, a_{1},, a_{n+1}))=(a_{1}, \cdots, ‘\cdot \mathrm{r}\iota_{i}, c:-1a_{i+1}, \cdots, a_{n}, a_{n+1})$ ,
$(a_{1}\cdots a_{n+1}=1.)$ . $1^{)()_{\iota}\mathrm{b}^{\backslash }\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{V}\mathrm{C}\mathrm{b}\mathrm{t}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{C}:\mathrm{t}\iota\iota \mathrm{r}(}\backslash \tilde{\theta}}.\cdot$, ? geornctric crystal $B_{\overline{w}}^{-}$
ultra-discritization ( : $\tilde{B}:=\{(:r_{1},, \cdots, \iota:_{n+1})\in \mathbb{Z}^{n+1}|a:_{1}+\cdots+x_{n+1}=0\}$
$x:=(x_{1}, \cdots, x_{n+1})\in\tilde{B}$ (
ci $(x)=(a,\cdot \mathrm{l}, \cdots, .r_{i}.+r\cdot, \prime x_{i+1}.-r:, \cdots, .\prime r,l\downarrow+1)$ $((i\in \mathbb{Z}_{\geq 0})$ ,
$\tilde{f_{\acute{i}}}^{:}=$
$\mathcal{U}D_{\overline{\theta},\mathbb{C}^{\mathrm{v}}}$, $(B_{1\mathit{1}}^{-}-, , \gamma, \{" i\})$ ( $.\Gamma\}’.\backslash \cdot \mathrm{t},i11\tilde{B}$ Langlands dual
crystal $\tilde{B}$ “$\mathrm{s}\mathrm{y}_{111\mathrm{I}\Pi \mathrm{t}!\mathrm{f}_{l}\mathrm{r}\mathrm{i}\mathrm{c}\uparrow.(.\mathrm{I}1\mathrm{b}^{\backslash }(\mathrm{r}}...$’ ” crystal base
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5 Tropical Braid-type isomorphisms
tropicalization/llltra-discritzation [14] braid-type isomor-
phism ” tropical braid-type isornorpbism”
Proposition 5.1. :
(i) Type $A_{2}$ :
$y_{i}( \frac{1}{c_{1}})\alpha_{\dot{l}}^{\vee}(c_{1})l/j(\frac{1}{c_{2}})\alpha_{j}^{\vee}(c_{\vee 2})y_{i}(_{i}\frac{1}{\mathrm{r}_{?}}.)\alpha_{i}^{\vee}(t_{\mathrm{J}}.\cdot\cdot)$ (5.1)
$= \tau/j(\frac{c_{1}}{c_{1}c_{3},+c_{2}}.)\alpha_{j}^{\vee}(\frac{c_{1},c_{3},+c_{2}}{c,|}.)y_{i}(.\frac{1}{c_{1.l}}‘..)\alpha_{i}^{\vee}((:_{1}c_{\mathrm{J}}. )\iota/j(\frac{c_{1}c_{3}+c_{2}}{c_{1}c_{2}},)\alpha_{j}^{\vee}(..\frac{c_{1}c_{2}}{c_{1}c_{3}+c,2})$
(ii) Type $B_{2}$ $(\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=-2, \langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-1)$:
$y_{i}( \frac{1}{c_{1}}.)\alpha_{i}^{\vee}(\mathrm{r}\cdot.1)\iota/j(\frac{1}{C_{2}}..)‘\nu_{j}^{\vee}$. $(‘.z)y_{i}(^{\underline{1}},..\cdot, )$ ‘ $\nu_{i}^{\vee}(‘\cdot.\cdot,)\tau/j(\frac{1}{c_{4}}.)‘\nu_{j}^{\vee}(\iota_{4}..)$
$=?/j( \frac{1}{rl_{1}})_{l\nu_{j}(l_{\mathrm{l}})y_{i}(\frac{1}{rl_{2}})cv_{i}^{\vee}(l_{2})\cdot\iota}^{\vee}"/j(\frac{1}{\mathrm{r}l_{3}})c\nu_{j}^{\vee}((l_{3})y_{i}(\frac{1}{d_{4}})‘ \mathrm{v}_{i}^{\vee}(d_{4})$ ,
$\mathrm{r}l_{1}=\iota_{4}.+\frac{1}{\mathrm{c}_{2}}.(t.\cdot 3+‘.$$\iota_{1}.\cdot\cdot)^{2}$ , $\ell l_{2}=c_{1}c_{4}+c_{3}+\frac{c,c^{2},s}{c,2}$ , (5.2)
$d_{3}=.. \frac{1}{\frac{1}{r_{2}}+-\frac{1}{\mathrm{c}\cdot 4},\mathrm{c}_{2}^{\mathrm{T}}(\cdot \mathrm{a}+\hat{.})1}‘.$
“
$..,$
, $\mathrm{r}l_{4}=\frac{1}{\Delta c,c_{32}+\frac{r}{c}\mathrm{A}+\frac{1}{r,1}}..\cdot$ (5.3)
(iii) Type $G_{2}$ $(\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=-3, \langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-1)$ :
$\tau_{i}/(\frac{1}{c_{1}})\alpha_{i}^{\vee}(c_{1})\iota/j(\frac{1}{c_{2}})‘\nu_{j}^{\vee}(c_{2}.)y_{i}(\frac{1}{\mathrm{r}}..\cdot,)_{C1_{i}^{\vee}}(_{C.\}}..)\iota/j(‘\frac{1}{1}..)‘ \mathrm{v}_{j}^{\vee}(‘.\cdot.\downarrow)y_{i}(‘\frac{1}{ir_{)}}.)\alpha_{i}^{\vee}(c_{5},)\iota/j(\frac{1}{c_{6}}.)\alpha_{j}^{\vee}(c_{6},)$
$= \uparrow/j(\frac{1}{d_{1}})\alpha_{j}^{\vee}(‘ l_{1})\uparrow/i(\frac{1}{\mathrm{r}l_{2}}.)\alpha_{i}^{\vee}(\mathrm{r}l_{2})\tau/j(\frac{1}{\iota l.\}}.)$ ‘ $\nu_{j}^{\vee}$. $( \mathrm{r}l:\})y_{i}(\frac{1}{rl_{1}}.)‘ \mathrm{v}_{i}^{\vee}(\iota l_{1}.)\tau/j(\frac{1}{\mathrm{r}l_{5}\backslash })\alpha_{j}^{\vee}$. $(‘ l.r,)y_{i}(‘ \frac{1}{l_{6}})\alpha^{\vee}$. $.\cdot((l_{\mathrm{f}},)$ ,
(5.4)
$d_{1}= \frac{1}{c_{2}^{2}}(c_{3},+\frac{c_{2}}{c_{1}})^{3}+\frac{1}{c_{1}}..(‘.\cdot.r_{)}+\frac{\prime\cdot 1}{\mathrm{r}\cdot.1}..)^{3}+\frac{9\sim 1}{c_{2}}‘.\cdot.+‘.\frac{3_{l..\downarrow}}{1.1}‘...+\frac{3\mathrm{r}_{5}}{\mathrm{f}.1}.\cdot.+\frac{3c_{2^{C,}5}}{c,2}...+t_{\mathrm{f})}.\cdot$, (5.5)
$d_{2}= \frac{c,1}{c_{4}}(c_{5}+\frac{c_{1}\ell}{c_{3}}.).\cdot\}+\frac{r\cdot 1\mathrm{r}j\cdot \mathrm{I}}{C_{\dot{2}}^{3}}.\cdot.(\mathrm{r}\cdot.\cdot|+\frac{r_{2}}{C1}.\cdot)^{:\}}+\frac{3\iota\cdot|r\cdot.|(_{\backslash }r}{C\prime 2}.\cdot.,$ $+ \frac{\underline{9}_{(.(}1\cdot 4}{c_{2}}..\cdot+\frac{2\mathrm{r}\cdot|}{(j3}.+(j1c_{6},+2c_{5}$ ,
(5.6)















Proof. $= \frac{\vec}{\beta}\mathrm{i}\mathrm{E}\mathrm{B}fl|=\#\mathrm{J}$ $\mathrm{A}-\# 1^{\iota_{\supset}^{-}}\mathrm{M}$ \gamma \sim -’ R $\sigma$) $\ovalbox{\tt\small REJECT} \mathfrak{l}_{7}^{7}\overline{\epsilon_{\backslash }}\mathrm{R}\epsilon$ ffl $\ovalbox{\tt\small REJECT}$ ) $\xi)_{\circ}$ $\square$
Lemma 52. (i) $T\iota/pe$ A2 :
$yi(a)\iota/j(b)=?/‘ \mathrm{z}_{i}+\alpha_{j}$ (ab) $?/j(b)y_{i}(a)$ . (5.9)
(ii) Type $B_{2}$ $(\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=-2, \langle \mathrm{r}\nu_{j}^{\vee}, \alpha_{i}\rangle=-1)$ :
$\uparrow/i(a)\uparrow/j(b)=\tau/2a_{i}+a_{j}(a^{2}b)_{1}./a_{i}+a_{j}$ (ab) $\iota/j(b)y_{i}(a)$ , (5.10)
$y_{i}(a)$y $i$ + $j$ $(b)$ =y2 i + , $(2ab)$ y $i+a_{j}$ $(b)\iota/i(a)$ . (5.11)
(iii) $pe$ $G_{2}$ $(\langle\alpha_{\check{i}}, \alpha j\rangle=-3, \langle\alpha_{\check{j}}, \alpha_{i}\rangle=-1)$ :
$l/i(a)r/j(b)=/\iota_{3\text{ _{}i}+2\text{ _{}j}}(a^{3}.lr^{2})\iota J.\cdot,\iota\iota_{1}+‘ \mathrm{r}_{J}(\mathrm{r}\iota^{\tau}.l’)!/\mathit{2}‘\iota_{\iota}+‘\iota_{J}(‘\iota^{2}l))’/l_{r\mathrm{r}_{i}+\iota_{j}}$
‘ (ab)\iota /j $(b)_{l/i}(a)$ , (5.12)
$y_{\alpha:\dagger\alpha_{j}}(a)\iota/2\alpha_{i}+\alpha_{j}$ (b)=y3 i+2rbj $(3\mathrm{r}\iota b)$ y2 i+(kj(b)y i+aj(a), (5.13)
$\uparrow/j(a)_{l/3\text{ _{}i}+a_{\mathrm{j}}}(l_{l})=\uparrow/.\cdot 1\text{ _{}i}+2a_{j}$ (-ab) $y:\}_{\mathrm{t}_{i}}‘+‘\iota,$ $(lr)\uparrow/j(c\iota)$ . (5.14)
Proposition 5.1 $\mathrm{r}l_{j}$ $c_{j}$. positive rational funcfion
$(c_{1}, c_{2}., \cdots)\mapsto y_{j}(\frac{1}{rl_{1}})\mathfrak{a}_{j}^{\vee}’(\iota l_{1})y_{i}(‘\frac{1}{l_{2}})\alpha_{i}^{\vee}(d_{2})\cdots$
$B_{w0}^{-}$ positive $\mathrm{s}\mathrm{t},\mathrm{r}\iota\iota \mathrm{c}\mathrm{t}\iota\iota \mathrm{r}\mathrm{t}^{1}.\mathrm{b}$. ( $m_{0}$ $A_{2},$ $B_{2},$ $G_{2}$ Weyl
group longest elcment). $1$ ) $()^{\iota_{\grave{|}\mathrm{i}\mathrm{t}.\mathrm{i}\backslash \mathrm{t}^{1}}}.’$. strucutre ultra-discritization
$1$ ) $\mathrm{r}\mathrm{a}\mathrm{i}\mathrm{e}\mathrm{l}- \mathrm{t},\mathrm{y}\mathrm{l}$ ) $\mathrm{c}$ isomorpbism $([1\sim 1])$ :
Proposition 53([14]). (i) If $\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=0$,
$r\beta_{ij}^{(0)}$ : $B_{i}\otimes I\mathit{3}_{i^{arrow}}^{\sim}B_{j}\otimes B_{i}$
$(:\iota:)_{i}\otimes(!/)_{j}-r(y)_{j}\otimes(\prime si)_{i}$ .
(ii) If $(\alpha_{i}^{\vee},$ $\alpha_{j}\rangle=\langle \mathrm{r}\nu_{j}^{\vee}, c\nu_{i}\rangle=-1$ ,
$\phi_{ij}^{(1)}$ : $B_{i}\otimes B_{j}\otimes B_{i}arrow B_{j}\sim\otimes B_{i}\otimes B_{j}$ ,
$(z_{1})_{i}\otimes(z_{2})_{j}\otimes(z_{3})_{i}\mapsto*(\mathrm{I}1\iota \mathrm{a}\mathrm{x}(z.\cdot,, z_{2}-z_{1}))_{j}\otimes(z_{1}+z:\})_{i}\otimes(-111\mathrm{a}\mathrm{x}(-z_{1}, z_{3}-z_{2}))_{j}$ ,
(5.15)
(iii) If $\langle\alpha_{i}^{\vee}, \alpha j\rangle=-1,$ $\langle\alpha_{j}^{\vee}, \mathrm{r}\mathrm{v}_{i}\rangle=-2$ ,
$\phi_{ij}^{(2)}$
.









(iv) If $\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=-1,$ $\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-3$,




$\phi_{ij}^{(k)}(k=0,1,2,3)$ braid-type $i.9O\mathit{7}\mathfrak{l}\iota or.l$ )$ll’i.9rn$ \downarrow o
Proo$f$. . (5.1) I $‘.[perp]‘..$$‘.j_{1}\pm \mathrm{f}\cdot\cdot,$ $,$ $c:_{1}c \cdot.\cdot,,.\frac{}{r_{1}\mathrm{r}}‘..[perp]_{-}.\cdot,‘\mp_{2}\cdot‘$. ultra-discritizatiolls t
$(_{c_{1}}^{cc}\lrcorner\mapsto+\mathbb{C})$ $=$ $\max(\uparrow)(c_{1}.)+\uparrow)(c.\cdot.\cdot,),$ $\iota’(\mathrm{r}_{2}..))-?’((:_{1})=111\mathrm{a}\mathrm{x}(\tau)(Ci_{3}), v(c_{2},)-?’(c_{1}))$ ,
$(c_{1}c_{3})$ $=$ $\iota’(c_{1})+\iota)(c:_{3})$ ,
$(_{.\prime_{\Phi}[perp]},\underline{c}_{\mathrm{L}^{\mathrm{C}}=_{r\mathrm{n}}})$ $=$ $\uparrow’(c_{1})+\uparrow)(c_{2})-111\mathrm{a}\mathrm{x}(\uparrow)(r:_{1})+\uparrow)(c_{?}..),$ $\uparrow’(‘\cdot.2))=-\max(v(c_{\mathrm{I}}.‘.)-v(c_{2}), -\iota’(c_{1}))$
$\vee\backslash _{c_{1}c\mathrm{a}+c_{2}\prime}$
-
$-\backslash \backslash \cdot$ , . $\backslash -\prime\prime$ . .
$\text{ }$ .|7(( $z_{i}$ (5.
[ (5.2) and (5.3) C ($l_{i}$ ultra-discrifization (5.16)
Proposition 53(iii) $\}$ $\langle\alpha_{i}^{\vee}, \alpha_{j}\rangle=-1,$ $\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-2$ $\ovalbox{\tt\small REJECT} 1$
Proposition 5.1(ii) Langlands dual
$G_{2}$-case (5.17)
$v(d_{1})$
$v(d_{1})$ $=$ $1\mathrm{I}1\mathrm{a}\mathrm{x}(-2z_{2}+3z\cdot,,$$-|3z_{1}+\approx_{2},\cdot 3\approx.r_{1}-z_{1}.,$ $-3z.\cdot,$ $+2z_{1}.,$ $z_{\mathrm{t};}$ , (5.18)




$m_{k}\in \mathbb{R}$ $t_{1}+\cdots+t_{k}.$. $=1$ $t_{1},$ $\cdots,$ $t_{k}.\in \mathbb{R}_{\geq \mathrm{t}\}}$ (
$\max(7’ l_{1},$ $\cdots,$ $\uparrow\}\iota_{k},$ $\sum_{j=1}^{\mathrm{A}}.t_{j^{7\mathfrak{l}l}j)}=111i1\mathrm{X}(’ \mathfrak{l}l_{\mathrm{l}}, \cdots, m_{k})$
(5.18)
$z_{4}-z_{2}= \frac{1}{\frac{21}{\mathrm{r})}}A_{1}z_{5}-z_{1}=A_{1}+.\frac{1}{\frac{21}{}}A_{4}.’.\cdot,z_{1}.\cdot-z_{1}.-\approx.?=_{41_{1}+\frac{1}{3}A_{2}+.A_{4}}\frac{1}{\{}\grave,\mathrm{A}+.,.4_{2}+\frac{1}{}t1.’+\frac{1}{\mathrm{r})}.4_{1},Z:’\dagger z_{\mathrm{d}}r-\cdot z_{2}.=.\frac{\frac{1}{21}}{2}A_{1}’+\frac{1}{3}A.\cdot,$
$+ \frac{1}{6}A_{4}$ ,
$A_{1}:=-2z_{2}+3z_{3},$ $A_{2}$ $:=-3\approx_{1}+z_{2}.,$ $A_{:\mathrm{I}}:=3z_{5}-z_{1}.,$ $A_{4}:=-3z_{3}+2z_{4}$
. $Z_{1}=\uparrow$ ) $(d_{1})$ $\square$
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